A solution of the Bohr Hamiltonian appropriate for triaxial shapes, involving a Davidson potential in β and a steep harmonic oscillator in γ, centered around γ = π/6, is developed. Analytical expressions for spectra and B(E2) transition rates ranging from a triaxial vibrator to the rigid triaxial rotator are obtained and compared to experiment. Using a variational procedure it is pointed out that the Z(5) solution, in which an infinite square well potential in β is used, corresponds to the critical point of the shape phase transition from a triaxial vibrator to the rigid triaxial rotator.
I. INTRODUCTION
The advent of critical point symmetries [1] [2] [3] [4] , manifested experimentally [5] [6] [7] in nuclei on or near the point of shape phase transitions, revived interest in special solutions [8, 9] of the Bohr Hamiltonian [10] . While shape phase transitions in nuclei have been originally found [4, 11] in the framework of the Interacting Boson Model [12] , the first examples of critical point symmetries, the E(5) symmetry [1] [corresponding to the second order phase transition between spherical and γ-unstable (soft with respect to axial asymmetry) nuclei] and the X(5) symmetry [2] (appropriate for the first order phase transition between spherical and prolate deformed nuclei), have been developed as special solutions of the Bohr Hamiltonian, using an infinite square well potential in the β degree of freedom (related to the magnitude of the deformation). In E(5) the potential is independent of the γ degree of freedom , related to the shape of the nucleus, while in X(5) the potential is separable into two terms, u(β) + v(γ), the latter being a steep harmonic oscillator centered around γ = 0, corresponding to prolate deformed nuclei. The Z(5) solution [13] developed later, formally resembles the X(5) case in using a separable potential and an infinite square well potential in β,but it differs drastically in using a steep harmonic oscillator potential in the γ degree of freedom centered around γ = π/6, corresponding to triaxial shapes.
Triaxial shapes in nuclei have been considered for a long time, since the introduction of the rigid triaxial rotor [14, 15] , despite the fact that very few candidates have been found experimentally [16, 17] . In the framework of the IBM, triaxial shapes can occur in three different cases: i) In the IBM-1 framework, in which no distinction between protons and neutrons is made, the inclusion of higher order (three-body) terms is needed [18, 19] . ii) In the IBM-2 framework, in which protons and neutrons are used as distinct entities, the inclusion of onebody and two-body terms suffices [20] [21] [22] . iii) In the sdg-IBM framework, the presence of the gboson also suffices [23] . Shape phase transitions involving rigid triaxial shapes have been studied recently in the IBM-2 framework [20] [21] [22] , while in the sdg-IBM framework no transitions towards stable triaxial shapes have been found so far [23] .
In the present work, the Z(5) solution is modified by replacing the infinite square well potential in β by a Davidson potential [24] ,
where β 0 corresponds to the position of the minimum of the potential. This solution is going to be called Z(5)-D. Similar studies already exist in the literature for both the E(5) [8, 25] and X(5) [26, 27] cases. In addition, other potentials, like β 2n potentials [28] [29] [30] , and the Morse [31] and Kratzer [8] potentials have been used in the E(5) (γ-unstable) [32] and X(5) (γ ≈ 0, prolate deformed) [33] frameworks.
In addition to providing easily comparable to experiment analytical solutions for the spectra and B(E2) transition rates, the present study leads to an important byproduct. Using a variational procedure applied earlier in the E(5) and X(5) frameworks [26, 27] , one can see that the Z(5) solution can be interpreted as corresponding to the critical point of a shape phase transition between a triaxial vibrator and a rigid triaxial rotator.
In Sections 2 and 3 the β part and the γ part of the spectrum are considered, while B(E2) transition rates are calculated in Section 4. Numerical results, including results of the above-mentioned variational procedure, are shown in Section 5, while in Section 6 a brief comparison to experiment is attempted. Finally, conclusions and plans for further work are found in Section 7.
II. THE β-PART OF THE SPECTRUM
The original Bohr Hamiltonian [10] is
where β and γ are the usual collective coordinates, while Q k (k = 1, 2, 3) are the components of angular momentum in the intrinsic frame, and B is the mass parameter. In the case in which the potential has a minimum around γ = π/6, the term involving the components of the angular momentum can be written [13] [2] reduced energies ǫ = 2BE/h 2 and reduced potentials u = 2BV /h 2 , and assuming [2] that the reduced potential can be separated into two terms, one depending on β and the other depending on γ, i.e. u(β, γ) = u(β) + v(γ), the Schrödinger equation can be approximately separated into two equations
where L is the angular momentum quantum number, α is the projection of the angular momentum on the bodyfixedx ′ -axis (α has to be an even integer [34] ), β 2 is the average of β 2 over ξ(β), and ǫ = ǫ β + ǫ γ . It should be noticed that the separation of variables is approximate, since in Eq. (4) the quantity β 2 appears, which depends on the quantum numbers L and α, appearing in Eq. (3) . Therefore an approximate separation of variables is achieved in the adiabatic limit, as in Ref. [35] . As a consequence, the energy relation ǫ = ǫ β + ǫ γ is also approximate.
The total wave function should have the form
3) are the Euler angles, D(θ i ) denote Wigner functions of them, L are the eigenvalues of angular momentum, while M and α are the eigenvalues of the projections of angular momentum on the laboratory fixedẑ-axis and the body-fixedx ′ -axis respectively. Instead of the projection α of the angular momentum on thex ′ -axis, it is customary to introduce the wobbling quantum number [34, 36] n w = L − α, which labels a series of bands with L = n w , n w + 2, n w + 4, . . . (with n w > 0) next to the ground state band (with n w = 0) [34] .
Eq. (3) has been solved in the case in which u(β) is an infinite well potential, the corresponding solution called Z(5) [13] . The spectrum is given by roots of Bessel functions, for which the notation has been kept the same as in Ref. [2] , namely E s,nw ,L , the ground state band corresponding to s = 1, n w = 0.
Eq. (3) is exactly soluble also in the case in which the potential has the form of a Davidson potential [24] 
where β 0 is the position of the minimum of the potential. [25, 37] , the eigenfunctions being Laguerre polynomials of the form
where Γ(z) stands for the Γ-function, n is the usual oscillator quantum number (which should be distinguished from the wobbling quantum number n w ), L a n (z) denotes the Laguerre polynomials [38] , and
The energy eigenvalues are then (inhω = 1 units)
where n = 0,1,2,. . . One can see that a formal correspondence between the energy levels of the Z(5) model and the present model, to which we shall refer as the Z(5)-D model can be established through the relation n = s − 1, which expresses just a formal one-to-one correspondence between the states in the two spectra, while the origin of the two quantum numbers is different, s labeling the order of a zero of a Bessel function and n labeling the number of zeros of a Laguerre polynomial. For the energy states the notation E s,nw,L = E n+1,nw,L will be used, as in Refs. [2, 13] . Therefore the ground state band corresponds to s = 1 (n = 0) and n w = 0. In the limit β 0 → ∞ one can expand the square root in Eq. (8) and keep only the lowest order term, thus obtaining
where A is a constant, which is the spectrum of the triaxial rotator obtained in Ref. [34] .
In the special case β 0 = 0, i.e., in the case that a harmonic oscillator is used, one obtains a parameter-free (up to overall scale factors) exactly soluble model to which we shall refer as the Z(5)-β 2 model, in analogy to the E(5)-β 2n [28, 29] and X(5)-β 2n [30] models. This model represents a triaxial vibrator.
III. THE γ-PART OF THE SPECTRUM
The γ-part of the spectrum is obtained from Eq. (4), as described in Ref. [13] , by putting in it a harmonic oscillator potential having a minimum at γ = π/6, i.e.
In the case of γ ≈ π/6 a simple harmonic oscillator equation in the variableγ occurs. Similar potentials and solutions in the γ-variable have been considered in [10, 39] . The total energy in the case of the Z(5)-D model is then
where nγ is the number of oscillator quanta in theγ degree of freedom, and E 0 , A, B are free parameters. It should be noticed that in Eq. (4) there is a latent dependence on s, L, and n w "hidden" in the β 2 term. The approximate separation of the β and γ variables is achieved by considering an adiabatic limit, as in the X(5) case [2, 35] .
IV. B(E2) TRANSITION RATES
The quadrupole operator is given by
where t is a scale factor, while in the Wigner functions, D (2) , the quantum number α appears next to µ, and the quantity γ − 2π/3 in the trigonometric functions is obtained from γ − 2πk/3 for k = 1, since in the present case the projection α along the body-fixedx ′ -axis is used. The symmetrized wave function for Z(5)-D reads
where the normalization factor occurs from the standard integrals involving two Wigner functions [40] and is the same as in [34] . α has to be an even integer [34] , while for α = 0 it is clear that only even values of L are allowed, since the symmetrized wave function is vanishing otherwise.
The calculation of B(E2)s proceeds as in Ref. [13] and need not be repeated here. In the calculation of matrix elements the integral overγ leads to unity [because of the normalization of η(γ), and taking into account that γ in Eq. (12) is fixed to the π/6 value, because of the steep potential used in γ], while the integral over β takes the form
where the β factor comes from Eq. (12), and the β 4 factor comes from the volume element [10] . It is worth reminding, though, that a ∆α = ±2 selection rule occurs, which results in vanishing quadrupole moments.
V. NUMERICAL RESULTS

A. Spectra
The lowest bands for the Z(5)-D model are shown in Table 1 ii) The quasi-γ 1 band, composed by the even L levels with (s = 1, n w = 2) and the odd L levels with (s = 1, n w = 1).
iii) The quasi-γ 2 band, composed by the even L levels with (s = 1, n w = 4) and the odd L levels with (s = 1, n w = 3).
iv) The quasi-β 1 band, with (s = 2, n w = 0). v) The quasi-β 2 band, with (s = 3, n w = 0). Since the last two bands go to infinity for β 0 → ∞, the energy levels for β 0 = 3 have been shown instead.
In all cases B = 0 has been used in Eq. (11), i.e., the term involving nγ has been ignored.
For all bands a uniform raising of the energies from the triaxial vibrator (β 0 = 0) values to the triaxial rigid rotator (β 0 → ∞) values is observed.
A quantity being very sensitive to structural changes (since it is a discrete derivative of energies) is the oddeven staggering in gamma bands, described by quantity [16] 
, (15) which measures the displacement of the (J − 1) It is known [17] 
triaxial γ-rigid shapes exhibit the opposite behavior, i.e., positive values at even L and negative values at odd L. In Table 1 it is clear that the present models exhibit strong staggering of the triaxial type, with the even-L levels growing much faster with L than the odd-L levels.
B. Variational procedure
A variational procedure appropriate for locating the behaviour of various physical quantities at a critical point has been introduced [26, 27] and applied for recovering the E(5) [1] and X(5) [2] ground state bands from Davidson potentials in the relevant frameworks. The method is applicable in cases in which one has a one-parameter potential spanning the region between two limiting symmetries. The method is based on the fact that if a shape/phase transition occurs between these two symmetries, the rate of change of various physical quantities should become maximum at the critical point [41] . The parameter value corresponding to the maximum, β 0,m , is determined for each value of angular momentum separately.
The variational procedure used here resembles the standard Ritz variational procedure of quantum mechanics [42] , in which a trial wave function containing a free parameter is used, while here a potential containing a free parameter is used, a difference being that in the Ritz approach the parameter is determined by minimizing the energy, while here the parameter is found be maximizing the rate of change of the relevant physical quantity. Ldependent potentials, like the ones occuring here, have been used in nuclear physics in optical model potentials [43] [44] [45] , as well as in the study of quasimolecular resonances [46] . The method is also analogous to the variable moment of inertia model (VMI) [47] , in which the energy is minimized with respect to the moment of inertia (which depends on the angular momentum) separately for each value of the angular momentm L.
In the present case, as seen in subsec. 2.1, the Davidson potentials of Eq. (1) lead to a triaxial vibrator Z(5)-β 2 for β 0 = 0, while they give the rigid triaxial rotator [14, 15, 34] for β 0 → ∞. Applying the variational procedure to the energy ratios E(L)/E(2) of the ground state band (s = 1, n w = 0) of the Z(5)-D model, where β 0 is the free parameter serving to span the region between the two limiting cases, we are led to the results shown in Table 1, where for each value of the angular momentum L the location of the maximum, β 0,m , and the corresponding energy (normalized to the energy of the first excited state) are given. It is clear that the band determined through the variational procedure agrees very well with the ground state band of the Z(5) model. The agreement remains equally good for the s = 1, n w = 1, 2, 3, 4 bands, also shown in Table 1 , thus indicating that the Z(5) model is possibly related to a shape/phase transition from a triaxial vibrator to the rigid triaxial rotator.
C. B(E2) transition rates
Both intraband and interband B(E2) transition rates for the same models are reported in Table 2 . In addition, results for the O(6) limit of the Interacting Boson Model [12] are shown for comparison, derived from the expressions given in Ref. [12] , the final results reading
(21) In all of the above equations, N stands for the boson number. Numerical results for N → ∞ are reported in Table 2 . We remark that the O(6) predictions for N → ∞ are very similar to the ones of the rigid triaxial rotator [14, 15] , i.e. to these of the Z(5)-D model for β 0 → ∞.
VI. COMPARISON TO EXPERIMENT
As seen from Table 1 , one should look for nuclei having ground state bands charactrized by R 4/2 = E(4)/E(2) ratios between 2.150 and 2.667, while the γ 1 bandhead (normalized to the 2 + 1 state) should be between 1.734 and 2.000, the β 1 bandhead (normalized in the same way) being above 2.528 . The Xe isotopes 128−132 Xe, lying below the N=82 shell closure, nearly fulfil these conditions. Results of one-parameter (β 0 ) rms fits are shown in Table 3 , with σ being the quality measure
The overall agreement is good, with the notable exception of the even-L levels of the quasi-γ 1 band, which grow too fast, as already remarked at the end of subsec. 5.1 . As a result, the theoretical predictions exhibit strong triaxial odd-even staggering, which is not seen experimentally. Indeed, the Xe isotopes are known [17] to exhibit staggering of the γ-soft type, in contrast to the strong triaxial γ-rigid staggering shown here by the theoretical values. The only nuclei found in the extended recent search of Ref. [17] Th, all of them located in the nuclear chart far from the Xe isotopes considered here.
In Table 4 
VII. CONCLUSIONS
Z(5) [13] is a solution of the Bohr Hamiltonian similar to the X(5) [2] solution, with the notable difference that it regards triaxial shapes (γ ≈ π/6) instead of prolate deformed shapes (γ ≈ 0). Predictions for spectra and B(E2) transition rates are parameter independent (up to overall scale factors).
In the present Z(5)-D solution, the infinite square well u(β) potential, used in Z (5), is replaced by the Davidson potential [24] , involving a free parameter, β 0 . As a result, [14, 15] . In addition to providing easily comparable to experiment analytical solutions for spectra and B(E2) values within this wide region, the present solution has an interesting by-product. Using a variational procedure [26, 27] it is pointed out that the Z(5) solution corresponds to the critical point of the shape phase transition from a triaxial vibrator to the rigid triaxial rotator. However, the Z(5) solution is not a special case of Z(5)-D, obtained for a specific parameter value, or a limiting case of Z (5)-D. Using the Davidson potential one can cover the whole way from triaxial vibrator to triaxial rotator, but one cannot get the critical point as a special case. This is due to the shape of the Davidson potential, which is not flat, as the potential is expected to be at the critical point. The same situation has occured in the ESD model [51] , in which the Davidson potential is used in order to interpolate between a vibrator and the prolate axial rotator with γ ≈ 0. Using the ESD model one can obtain very good fits of many nuclei from the prolate rotator limit down to close to the critical point, but one cannot describe the nuclei very close to the critical point [51] .
Concerning the separation of variables which allowed for analytical solutions, a potential of the form u(β) + v(γ) has been used, bringing in the approximations used in X(5) [2] . These approximations can be avoided in two ways: i) Using potentials of the form u(β) + v(γ)/β 2 , which are known [8] to allow for exact separation of variables without any approximations. ii) Using the powerful techniques of the Algebraic Collective Model [52] [53] [54] , which allow for the exact numerical diagonalization of any Bohr Hamiltonian.
The first path has been used for a detailed study of the Davidson potential plugged in the Bohr Hamiltonian for γ ≈ 0 [51] . The main advantage of this solution is that all bands are treated on equal footing with respect to the influence of the v(γ) potential, while in the present solution only the quasi-γ bands are affected. A similar study for γ ≈ π/6 case would be interesting. The analytical solution and a brief comparison to experiment in the Os region has already been given in Ref. [55] .
The second path has been recently used for the description of a triaxial symmetry top [54] , as well as for the study the onset of rigid triaxial deformation [56] . Further investigations of triaxial shapes using this powerful tool should also be revealing. D model (for different values of the parameter β0) , and for the Z(5) model [13] . β0 = 0 corresponds to the Z(5)-β 2 model (a triaxial vibrator), while β → ∞ is the rigid triaxial rotator [14, 15] . The notation Ls,n w is used. All levels are measured from the ground state, 01,0, and are normalized to the first excited state, 21,0. See subsec. 5.1 for further discussion. In addition, the energy levels resulting from the variational procedure of subsec. 5.2 are reported (labelled by "var"), along with the parameter values β0,m at which they are obtained. See subsec. 5.2 for further discussion. [13] , and for the O(6) limit of the Interacting Boson Model [12] . β0 = 0 corresponds to the Z(5)-β 2 model (a triaxial vibrator), while β → ∞ is the rigid triaxial rotator [14, 15] . The notation Ls,n w is used, while the initial state is labelled by (i), and the final state by (f ). 
